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Photon emission via vacuum-dressed intermediate states under ultrastrong coupling
Jin-Feng Huang1 and C. K. Law1
1Department of Physics and Institute of Theoretical Physics, The Chinese University of Hong Kong,
Shatin, Hong Kong Special Administrative Region, People’s Republic of China
(Dated: July 16, 2018)
We investigate theoretically quantum effects of a cavity-atom system in which the upper two
levels of a cascade-type three-level atom interact with a cavity field mode in the ultrastrong coupling
regime. By exploiting the virtual photons carried by atom-cavity dressed states, we indicate how
two external driving fields induce Raman transitions such that a continuous conversion of virtual
photons into real photons can be achieved with a high probability. We present analytical and
numerical solutions of the system. In addition, we show that the converted photons exhibit a
bunching behavior in the steady state. Our scheme demonstrates that atom-cavity dressed states in
the ultrastrong coupling regime can serve as intermediate states to invoke nonlinear optical processes.
PACS numbers: 42.50.Pq, 42.50.Ar, 03.65.Yz
I. INTRODUCTION
Quantum behavior of a two-level system (atom) inter-
acting with a single-mode electromagnetic field in the ul-
trastrong coupling regime has been a subject of research
interest recently. Such a regime is signaled by the break-
down of rotating wave approximation (RWA) because the
vacuum Rabi frequency is high enough to be an apprecia-
ble fraction of cavity field frequency ωc or atomic transi-
tion frequency ωA, and this could be realized by super-
conducting qubits in microwave resonators [1–3], and by
intersubband transitions in semiconductor microcavities
[4–6]. Furthermore, an ultrastrong coupling Hamiltonian
could be simulated by cavity QED with natural atoms [7]
and various circuit QED [8] settings.
For an atom-cavity system under ultrastrong coupling,
counter-rotating terms in the Hamiltonian can signifi-
cantly modify the energy states of the system [9]. Quan-
tum transitions between different energy states can lead
to the asymmetry of vacuum Rabi-splitting [10], super-
radiance transition [11], and non-classical photon statis-
tics [12, 13]. In addition, counter-rotating terms can af-
fect quantum dynamics, such as the collapse and revival
behavior [14], quantum Zeno effect [15, 16], single pho-
ton scattering [17], and collective spontaneous emission
in multi-atom systems [18–20].
Physically, counter-rotating terms correspond to en-
ergy non-conserving processes involving virtual photons.
In order to study such virtual photons directly, it is in-
teresting to convert the virtual photons into real photons
by suitable designs of the Hamiltonians. For example, by
manipulating the time-dependence of the atom-field cou-
pling strength [5, 21, 22], or by introducing an atomic
decaying channel through a Ξ-type three-level atom [23].
In the latter case, Stassi et al. have considered a config-
uration in which the upper two levels of a Ξ-type atom
ultrastrongly couples to a cavity mode. Once the atom
is initially prepared in one of the upper two levels, the
decay to the ground level is accompanied by the emission
of two real photons [23]. A similar Ξ-type configuration
was proposed by Carusotto et al. who investigated the
back-reaction effects of quantum vacuum when the sys-
tem is continuously driven by an external field of a single
frequency [24].
In this paper we examine the quantum dynamics of
the Ξ-type configuration in the presence of two exter-
nal driving fields of different frequencies. Different from
the models considered in Refs. [23, 24], the two external
driving fields in our scheme play the role of pump and
Stokes fields such that they can coherently induce Raman
transitions with the vacuum-dressed upper two levels as
intermediate states. In this paper we study how real
photons can be generated by exploiting virtual photons
in the intermediate states. As we shall discuss below, the
Raman configuration has a key advantage that a contin-
uous photon emission can be achieved, and the emission
rate can be substantially enhanced by the Stokes driving
field. In addition, as a result of the Raman configura-
tion, we show that a dark state, which is composed by
the superposition of cavity vacuum and a cavity photon
pair, occurs.
Our paper is organized as follows. In Sec. II, we
introduce the model Hamiltonian. Then in Sec. III,
we present analytical and numerical solutions of non-
dissipative quantum dynamics under far off resonance
and resonance conditions. In particular, we indicate the
conditions to reach an almost deterministic conversion of
a virtual photon pair into a real photon pair. In Sec. IV,
we address the effects of cavity field damping and atomic
decay by using the master equation approach. By the
solutions of the density matrix we study the output cav-
ity photon rate and the second order coherence function.
Finally, we draw our conclusions in Sec. V.
II. HAMILTONIAN
The system under investigation consists of a cascade-
type three-level atom confined in a single-mode cavity
with the upper two levels |e〉 and |g〉 resonantly coupled
to the cavity field mode (Fig. 1). The energy difference
between the bottom level |b〉 and the middle level |g〉 is
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FIG. 1: (Color online) (a) Schematic of the system in which
a Ξ-type three-level atom is placed in a cavity. The atom is
driven by two external fields of frequency ωp and ωs. The
upper two levels |e〉 and |g〉 of the atom resonantly couple to
a single cavity mode. (b) Energy level diagram of the system
and the Raman type transition.
assumed to be sufficiently different from the cavity field
frequency such that the cavity field does not interact the
atom in the state |b〉 [23–25]. We remark that in circuit
QED, physical properties of three-level artificial atoms
have been discussed theoretically [26], and demonstrated
in experiments [27–29].
In this paper we consider that the system is initially
prepared in the atom state |b〉 and vacuum cavity field,
i.e., |Ψ(0)〉 = |b, 0〉. Then by applying two external driv-
ing fields of frequencies ωp and ωs, |b〉 and |g〉 are coupled.
Our task is to investigate the photon emission process
when the cavity-atom interaction is in the ultrastrong
coupling regime.
Specifically, the Hamiltonian of our system is given by
HS = H0 +HD, (1)
where H0 is the part in the absence of driving fields, and
HD describes the interaction by the two external driving
fields (~ = 1):
H0 = ωb |b〉 〈b|+ ωe |e〉 〈e|+ ωg |g〉 〈g|+ ωca†a
+λ
(
a+ a†
)
(|e〉 〈g|+ |g〉 〈e|), (2)
HD = (Ωp cosωpt+Ωs cosωst) (|b〉 〈g|+ |g〉 〈b|) . (3)
Here, ωi (i = b, e, g) is atomic frequency for level |i〉, ωc
is the cavity field frequency, λ is the atom-cavity inter-
action strength, and Ωp and Ωs (the subscripts p and s
label the pump and Stokes fields) describe the interac-
tion strengths of the two driving fields. For simplicity,
we have assumed that these two driving fields are in the
same phase.
Noting that HR ≡ H0−ωb |b〉 〈b| is the Hamiltonian of
the quantum Rabi model [30], then by using the eigen-
vectors |En〉 of HR, i.e., HR|En〉 = En|En〉, H0 has the
diagonal representation:
H0 =
∞∑
n=0
En |En〉 〈En|+
∞∑
n=0
(ωb + nωc) |b, n〉 〈b, n| . (4)
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FIG. 2: (Color online) Probability amplitude of |g, 0〉, |g, 2〉
and |g, 4〉 in the ground state of HR as a function of the
coupling strength λ for the resonant case ω0 = ωc.
Here, |En〉 can be expanded as: |Em〉 =
∑∞
n=0 cmn|g, n〉+∑∞
n=0 dmn|e, n〉 with the real coefficients cmn ≡
〈Em|g, n〉 and dmn ≡ 〈Em|e, n〉, which can be obtained
numerically. In this way, the driving Hamiltonian (3)
becomes:
HD =
∞∑
n,m=0
Λmn(t) (|b, n〉 〈Em|+ |Em〉 〈b, n|) , (5)
where Λmn(t) ≡ (Ωp cosωpt+Ωs cosωst)cmn is defined.
Among the many transitions described in Eq. (5), it is
possible to select certain resonant transitions by tuning
the frequencies of the two driving fields. In this paper we
shall focus on the Raman resonance condition
ωp − ωs = 2ωc, (6)
such that an initial ground state |b, 0〉 can be resonantly
coupled to |b, 2〉 via the intermediate state |E0〉 and some
higher states |Em〉 (Fig. 1(b)). As long as the driving
fields are sufficiently weak, the system can only access the
resonantly coupled states effectively. As we shall discuss
in Sec. III, HD is well approximated by keeping n = 0
and n = 2 terms.
It is important to note that if λ is not strong enough,
i.e., the system is not in the ultrastrong coupling regime,
thenHR is reduced to the Jaynes-Cummings (JC) Hamil-
tonian by RWA. In this case |E0〉 ≈ |g, 0〉 is the only
(intermediate) state that couples to |b, 0〉 by the driv-
ing fields, and since the driving fields do not change the
photon number, |g, 0〉 cannot be coupled to |b, 2〉. In
other words, the Raman transition from |b, 0〉 to |b, 2〉 is
impossible in the JC regime. On the other hand, since
|E0〉 = c00|g, 0〉+ c02|g, 2〉+ c04|g, 4〉+d01|e, 1〉+ ... in the
ultrastrong coupling regime, with c02 being significant,
this makes the Raman transition |b, 0〉 to |b, 2〉 possible.
In Fig. 2 we show how c02 increases as λ increases. When
the coupling is in the deep strong regime [14], λ/ωc > 1,
c02 and c04 even become larger than c00.
3III. NON-DISSIPATIVE QUANTUM
DYNAMICS
In order to indicate the essential features of our in-
teraction scheme, we first discuss the quantum dynamics
in the absence of damping. The damping effects will be
addressed in the next section.
A. Large detuning case
In the interaction picture with respect to H0, the sys-
tem Hamiltonian reads:
HD (t) =
∞∑
n,m=0
∑
q=±1
∑
l=p,s
Ωl,mn |Em〉 〈b, n| eiδmn,qlt
+H.c., (7)
where Ωl,mn and the detuning δmn,ql are defined by,
Ωl,mn =
Ωl
2
cmn (l = p, s) ,
δmn,ql = Em − ωb − nωc + qωl. (8)
We focus on the large detuning regime defined by the
conditions: E0−ωb−ωp ≫ Ωpc00/2, and E0−ωb−2ωc−
ωs ≫ Ωsc02/2, which allow us to adiabatically eliminate
the energy levels |Em〉 (m = 0, 1, 2, ..). Consequently,
HD(t) under the Raman resonance condition (6) can be
approximated by an effective Hamiltonian:
Heff ∼=
∞∑
n
∆n |b, n〉 〈b, n|+
∞∑
n=0
gn,n+2 |b, n+ 2〉 〈b, n|
+H.c., (9)
where the AC Stark shifts ∆n and effective coupling
strength gn,n+2 are given by
gn,n+2 = −
∞∑
m=0
Ωp,m,nΩ
∗
s,m,n+2
(
1
δmn,1s
+
1
δmn,−1p
)
,
(10)
∆n = −
∞∑
m=0
∑
q=±1
∑
l=p,s
|Ωl,m,n|2
δmn,ql
. (11)
In deriving Eq. (9), we have made use of the time aver-
aging procedure in Ref. [31], and we have discarded some
fast oscillating terms, such as |b, n+ 2k〉 〈b, n| (k ≥ 2).
This is justified because the detuning difference in the
Raman process |b, n〉 → |Em〉 → |b, n+ 2k〉 (k ≥ 2) is
much larger than that in the Raman process |b, n〉 →
|Em〉 → |b, n+ 2〉.
A further simplification of Eq. (9) can be made in the
parameter range 0 < λ/ωc < 1, where c04 ≪ c02 (Fig. 2).
In such a range of parameter g2,4 ≪ g0,2 and hence the
transition from |b, 2〉 to |b, 4〉 can be neglected as long as
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FIG. 3: (Color online) Two-photon probability P2 obtained
from effective dynamics Eq. (12) (black dashed curve) and
exact numerical calculation (solid curve) for off-resonance
cases with detunings: δ00,−1p = 5Ωp (red), 7.5Ωp (green)
and 10Ωp (blue). The ratio of driving strengths used is
given by Eq. (13). Other parameters are Ωp = 2 × 10
−3ωc,
ωs = ωp − 2ωc, ωb = −5ωc, ωe = ωc, ωg = 0, λ = 0.5ωc.
the time t we concern satisfying g2,4t ≪ 1. In this way,
we can safely truncate the effective Hamiltonian (9) as
H ′eff = ∆0 |b, 0〉 〈b, 0|+∆2 |b, 2〉 〈b, 2|+ g0,2 |b, 2〉 〈b, 0|
+H.c.. (12)
Therefore, the system is reduced to a two-level system
in which Rabi oscillations between |b, 0〉 and |b, 2〉 occur.
In particular, the population of |b, 0〉 can be completely
transferred to |b, 2〉 at time t = π/(2g0,2) when ∆0 = ∆2.
This corresponds to the generation of two (free) photons,
since the atomic state |b〉 does not couple to the cavity
field mode. Physically, the two-photon emission is due to
the presence of virtual photons in the intermediate state
|E0〉 in which the c02 |g, 2〉 term provides the transition
matrix element. So the photon emission process can be
used as a probe of virtual photons in the vacuum-dressed
state of the atom-cavity system.
We point out that the condition ∆0 = ∆2 corre-
sponds to the balance of AC Stark shifts, and this can
be achieved by choosing a suitable strength ratio of driv-
ing fields. Specifically, from Eq. (11), ∆0 = ∆2 can be
achieved by setting the ratio of driving field couplings at
Ωs
Ωp
=
√
−F (ωp)
F (ωs)
, (13)
with
F (x) =
∑
m
|cm2|2 Em − ωb − 2ωc
(Em − ωb − 2ωc)2 − x2
−
∑
m
|cm0|2 Em − ωb
(Em − ωb)2 − x2
. (14)
4To test the validity of the effective dynamics, we solve
numerically the system evolution based on the original
Hamiltonian (1) and compare it with the prediction by
the effective Hamiltonian (12). The results are shown in
Fig. 3 at the driving field ratio given by (13). We see that
the complete Rabi oscillations predicted by the effective
Hamiltonian match well with numerical calculations, and
the agreement gets better at larger detunings.
It should be noted that the photon emission process
here is different from that in Ref. [23] in which photons
are emitted through the spontaneous decay of |E0〉, i.e.,
|E0〉 → |b, 2〉, assuming the system is initially prepared
at |E0〉. Since c00 > c02 in the regime 0 < λ/ωc < 1, |E0〉
predominately decays to |b, 0〉 without emitting photons
and so this would reduce the overall two-photon emission
probability in Ref. [23]. In our scheme, however, a photon
pair can be generated almost deterministically by using
the Raman transition, and |E0〉 plays only the role of
intermediate state which is rarely populated in the large
detuning regime.
B. Resonance case
Next we consider the case in which the pump and the
Stokes driving fields are on resonance with the transitions
|b, 0〉 ↔ |E0〉 and |E0〉 ↔ |b, 2〉, respectively, i.e., E0 −
ωb − ωp = 0 and E0 − ωb − 2ωc − ωs = 0. In this case,
excited states |Em〉 (m > 0) are far off resonance, and
hence they are not effectively involved in the dynamics.
Therefore, (7) can be approximated by a Λ-type three-
level Hamiltonian :
H ′′eff = Ω
′
p |E0〉 〈b, 0|+Ω′s |E0〉 〈b, 2|+H.c., (15)
where
Ω′p =
Ωp
2
c00, (16)
Ω′s =
Ωs
2
c02, (17)
are defined. By solving the Schro¨dinger equation gov-
erned by the effective Hamiltonian (15), it can be shown
that an initial state |b, 0〉 can coherently evolve to |b, 2〉
with the probability
P2 =
4η2 |c00|2 |c02|2(
|c00|2 + η2 |c02|2
)2 sin4 Ωt2 , (18)
and Ω = Ωp
√
|c00|2 + η2 |c02|2/2. When the strength ra-
tio η = Ωs/Ωp of the two driving fields reaches an optimal
value ηc, i.e.,
η = ηc ≡ |c00||c02| , (19)
the probability of generating a real photon pair is one at
t = π/Ω.
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FIG. 4: (Color online) Evolution of two-photon probability P2
for resonance cases ωp = E0 − ωb with (a) η = 3, (b) η = ηc,
and (c) η = ηc + 2, where ηc = 10.2909, Ωp = 0.8 × 10
−3ωc
and λ = 0.5ωc. The analytical curve (red dashed) in Eq.
(18) and the numerically exact curve (blue solid) are almost
indistinguishable. Other common parameters are ωs = ωp −
2ωc, ωb = −5ωc, ωe = ωc, ωg = 0.
To illustrate the validity of the effective three-level dy-
namics, we solve numerically the state evolution based on
the original Hamiltonian (1) and compare it with the ana-
lytic solution obtained by the effective Hamiltonian (15).
We show the probability P2 in Fig. 4 at different driving
ratios η = 3, ηc, and ηc + 2. We see that the Rabi oscil-
lations predicted by the effective three-level model (15)
matches well with the exact numerical solution. In par-
ticular P2 = 1 can be achieved at η = ηc.
We emphasize that the three-level effective Hamilto-
nian (15) is applicable to situations where the two driving
fields are weak, namely |Ωl,mn/(Em−ωb−nωc−ωl)| ≪ 1
(m = 1, 2, . . ., l = p, s). However, for practical purposes,
it is often desirable to speed up the quantum evolution
by using stronger driving fields. To this end, we study
the evolution of P2 numerically by the original Hamilto-
nian (1) at stronger fields. The results are illustrated in
Fig. 5, where the driving field strength ratio is kept at ηc.
We see that at stronger driving fields (blue dashed and
red solid curves), P2 is no longer described by Eq. (18).
This indicates that excitations beyond the three levels
are involved. For the parameters used in Fig. 5, we find
that the first maximum of P2, which appears at shorter
times for stronger driving fields, is still close to one even
though the three-level approximation breaks down.
It is interesting to remark that the effective Hamilto-
nian (15) supports a dark state defined by
|D〉 = Ω
′
s√
Ω′2p +Ω
′2
s
|b, 0〉 − Ω
′
p√
Ω′2p +Ω
′2
s
|b, 2〉 , (20)
which satisfiesH ′′eff |D〉 = 0. Such a dark state is a quan-
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FIG. 5: (Color online) An illustration of the time-dependence
of P2 at stronger pump fields beyond the three-level approx-
imation in Eq. (15) on resonance ωp = E0 − ωb. The pa-
rameters are: Ωp = 4× 10
−3ωc (red solid curve), 2× 10
−3ωc
(blue dashed curve), 0.8×10−3ωc (black dotted curve). Other
common parameters are: η = ηc, ωs = ωp − 2ωc, ωb = −5ωc,
ωe = ωc, ωg = 0, λ = 0.5ωc.
tum interference effect by which the atom-cavity system
can be decoupled from two external driving fields. It is a
specific coherent superposition of a vacuum state and a
two-photon state while the atom is in the state |b〉. Since
Ω′s [Eq. (17)] is proportional to c02, the dark state may
be considered as a signature of the virtual photon pair in
|E0〉.
IV. EFFECTS OF DAMPING
In this section, we address the influence of the cav-
ity field damping and atomic decay by using the master
equation approach. The damping processes are modelled
by system-bath couplings so that the full Hamiltonian is
given by:
H = HS +HB +HSB, (21)
where HB and HSB correspond to the bath Hamiltonian
and system-bath interactions respectively,
HB =
3∑
ν=1
∑
ℓ
ω
(ν)
ℓ B
(ν)†
ℓ B
(ν)
ℓ ,
HSB =
∑
ℓ
α
(1)
ℓ (|e〉 〈g|+ |g〉 〈e|)
(
B
(1)†
ℓ +B
(1)
ℓ
)
+
∑
ℓ
α
(2)
ℓ (|g〉 〈b|+ |b〉 〈g|)
(
B
(2)†
ℓ +B
(2)
ℓ
)
+
∑
ℓ
α
(3)
ℓ
(
a+ a†
) (
B
(3)†
ℓ +B
(3)
ℓ
)
. (22)
Here the bath index ν marks different baths responsible
for different decay channels. B
(ν)
ℓ (B
(ν)†
ℓ ) is the anni-
hilation (creation) operator for the ℓth mode (with the
frequency ω
(ν)
ℓ ) in the bath ν. Specifically, the ν = 1
and ν = 2 baths are respectively for the atomic decay
from |e〉 to |g〉 and from |g〉 to |b〉, while the ν = 3
bath is for cavity field damping. These three baths are
assumed independent, and α
(ν)
ℓ describes the coupling
strengths. For weak system-bath couplings and suffi-
ciently short correlation times of the baths, we employ
the standard Born-Markov approximation [32]. In the
continuous limit of the baths, namely making the re-
placements α
(ν)
ℓ → α(ν)(ω), B(ν)ℓ → B(ν)(ω), we obtain
the following master equation at zero temperature [33]
dρ (t)
dt
= i [ρ (t) , HS ]
+
3∑
ν=1
∑
j,k>j
Γ
(ν)
kj {D [|εj〉 〈εk|] ρ (t)} , (23)
with the superoperator D defined as
D [O] ρ ≡ OρO† − 1
2
O†Oρ− 1
2
ρO†O. (24)
Here, |εj〉 (j = 1, 2, 3, . . .) are energy eigenstates of
the system in the absence of driving fields and damp-
ing, i.e., H0|εj〉 = εj|εj〉. Therefore {|εj} is simply
{|b, 0〉, |b, 1〉, . . . , |E0〉, |E1〉, . . .} according to Eq. (4).
The relaxation coefficients are given by:
Γ
(ν)
kj = 2π|α(ν) (ωkj) |2d(ν) (ωkj) |C(ν)jk |2 (ν = 1, 2, 3),
(25)
which depend on the system-bath coupling strength
α(ν)(ωkj), the spectral density d
(ν)(ωkj) of bath ν at the
transition frequency ωjk = εj − εk, and on the transition
matrix element C
(ν)
jk :
C
(1)
jk = 〈εj| (|e〉 〈g|+ |g〉 〈e|) |εk〉 ,
C
(2)
jk = 〈εj| (|g〉 〈b|+ |b〉 〈g|) |εk〉 ,
C
(3)
jk = 〈εj|
(
a+ a†
) |εk〉 . (26)
Note that in writing Eq. (23), we have neglected the
(Lamb) frequency shift terms. For simplicity, we assume
α(ν) (ωkj) and d
(ν) (ωkj) to be constant [23]. Then the
relaxation coefficients can be written in a compact form
Γ
(ν)
kj = γν |C(ν)jk |2 = Γ(ν)jk . We note that, C(1)jk is non-
vanishing only for the transitions between Rabi levels
|Em〉.
A. Output photon rate
Now we study the features of the output photons re-
leased from the cavity. To this end, we need to adopt
a proper generalized input-output relation in the ultra-
strong coupling regime [23],
Bout (t) = Bin (t)− i√γ3X− (t) , (27)
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FIG. 6: (Color online) Time dependence of the output photon
rate for η = 0, ηc and 2ηc with ηc = 6.8538. (a) and (b) are
for the resonance ωp = E0 − ωb case, and (c) is for an off
resonance case with ωp = 4.85ωc. The damping rates are: (a)
γ1 = γ2 = γ3 = 2×10
−2ωc, (b) γ1 = γ2 = γ3 = 2×10
−3ωc, (c)
γ1 = γ2 = γ3 = 2× 10
−3ωc. Other common parameters used
are Ωp = 8× 10
−3ωc, λ = 0.6ωc, ωs = ωp − 2ωc, ωb = −5ωc,
ωe = ωc, ωg = 0.
where the output field operator Bout(t), input field oper-
ator Bin(t) and X
−(t) are given by
Bin (t) =
1√
2π
∫
dωe−iω(t−t0) B(3) (ω)
∣∣∣
t=t0
, (28)
Bout (t) =
1√
2π
∫
dωe−iω(t−t1) B(3)(ω)
∣∣∣
t=t1
, (29)
with t0 → −∞ and t1 →∞, and
X− =
∑
k,j<k
C
(3)
jk |εj〉 〈εk| , (30)
X+ =
(
X−
)†
. (31)
Then by the relation (27), the output cavity photon rate
is given by
Φout (t) =
〈
B†out (t)Bout (t)
〉
(32)
= γ3
〈
X+ (t)X− (t)
〉
, (33)
assuming the initial field is a vacuum. It is important to
note that, in Eq. (27), the operator X−(t) has replaced
a(t) in the standard input-output relations. This is un-
derstood because a photon emission from the cavity is
associated with a transition from a high energy state to
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FIG. 7: (Color online) Numerical (discrete points) and ana-
lytical (solid curves) steady output cavity photon rate Φssout
as a function of the driving strength ratio η under the reso-
nance condition ωp = E0−ωb for various values of Ωp. Other
parameters are the same as in Fig. 6(b).
a low energy state defined by HS , and it is described by
X−(t). Equivalently, X−(t) comes from the RWA (i.e.,
keeping energy conserving terms) of the system-bath in-
teraction [12].
In Fig. 6 we display the time evolution of Φout(t) for
various parameters. For the resonance case, when the de-
cay rates are much larger than the driving-field strength
Ωp [Fig. 6(a)], namely γν > Ωp (ν = 1, 2, 3), the output
cavity photon rate increases from 0 to a steady value in
the long time limit. This indicates a steady and continu-
ous emission of real photons. When the decay rates γν are
in the same order but smaller than the driving strength
Ωp [Fig. 6(b)], namely γν < Ωp, the output cavity pho-
ton rate exhibits oscillatory patterns before settling into
steady states. Comparing with Fig. 6(a), we see that the
weaker damping rates can increase the steady state out-
put significantly. We also plot the output cavity photon
rate for the off resonance case in Fig. 6(c). We see how
Φout (t) reaches a steady value and it is smaller than that
in resonance cases. This is understood because the large
detuning condition (Sec. IIIA) somehow decreases the
effective coupling.
The effect of Stokes driving field is also illustrated in
Fig. 6. By comparing with the case of η = 0, we see that
the output photon rate can be enhanced appreciably by
the presence of the Stokes driving field. For example in
Fig. 6(b), the magnitude of the enhancement of the out-
put cavity photon rate can be two orders as a result of
the Stokes driving field. In Fig. 7 we plot the depen-
dence of steady state value of Φout on η, which indicates
that there exits an optimal value of η, which is roughly
around ηc for not too small Ωp (depending on other sys-
tem parameters), to obtain a maximum output photon
rate in the steady state.
To learn more about the steady state behavior of the
system, we have solved analytically the steady state den-
sity matrix ρss based on the effective Hamiltonians (12)
and (15). The explicit expressions of ρss are presented in
7Appendix, and from which the steady state value of Φout
can be obtained as
Φssout = γ3(ρ
ss
22 + 2ρ
ss
33). (34)
Here the diagonal matrix elements ρss22 and ρ
ss
33 [given in
(A5), (A7), (A13) and (A14)] correspond to the proba-
bility of |b, 1〉 and |b, 2〉 in the steady state. As a check,
the analytical Φssout (solid curves in Fig. 7) matches very
well with the numerically exact results (discrete points
in Fig. 7) for not too strong driving strengths. We re-
mark that according to the ρss solution in Appendix,
both ρss22 and ρ
ss
33 are proportional to Ω
2
l when damping
rates γν (ν = 1, 2, 3) are large compared with driving
field strengths Ωl (l = p, s), i.e., γν ≫ Ωl, and so Φssout
increases with Ω2l .
B. Photon bunching correlation
Finally we examine the correlation between emitted
photons in the steady state. This characterized by the
equal-time second order coherence function G
(2)
ss defined
by [12, 23]
G(2)ss ≡
〈
X† (t)X† (t)X− (t)X− (t)
〉
〈X† (t)X− (t)〉2
∣∣∣∣∣
t→∞
. (35)
Again, the cavity mode operator has been replaced by op-
eratorX−. In terms of the approximate steady state den-
sity matrix elements (Appendix), G
(2)
ss can be expressed
as,
G(2)ss =
2ρss33
(ρss22 + 2ρ
ss
33)
2
. (36)
In Fig. 8 we show the behavior of G
(2)
ss as a function of Ωp
at η = ηc. The photon bunching effect is obviously seen
by G
(2)
ss > 1 in the figure. In particular, strong photon
bunching G
(2)
ss ≫ 1 occurs when Ωp is small compared
with the damping rates. This feature can be described
by the approximate density matrix solution in Appendix,
where we find that G
(2)
ss ∝ γ23/Ω2l when Ωl ≪ γ3 for
resonance case, assuming γ’s are equal.
V. CONCLUSION
To conclude, we have investigated a type of Raman
interaction in a cavity-atom system in which the inter-
mediate states are dressed by the vacuum field in the ul-
trastrong coupling regime. By applying a pump field and
a Stokes field, we show how virtual photons in the inter-
mediate states can be turned into real photons efficiently.
This is shown by the effective Hamiltonian approach for
resonance and far-off resonance cases. Furthermore, the
effects of damping are studied by the master equation,
Ω  /ωcp10
4
Ω  /ωcp10
4
G
1
0
-3
(2
)
ss
G
(2
)
ss
FIG. 8: (Color online) Second order coherence function G
(2)
ss
in the steady state vs the pump driving strength Ωp on exact
resonance ωp = E0 − ωb. The parameters used are γ1 =
γ2 = γ3 = 2 × 10
−3ωc, λ = 0.5ωc, η = ηc, ωs = ωp − 2ωc,
ωb = −5ωc, ωe = ωc, ωg = 0.
and approximate steady state solutions are obtained ana-
lytically. With the Raman coupling scheme, photons can
be emitted out of the cavity continuously in the steady
state.
Finally, it is worth noting that the photon emission
process described in this paper can be interpreted as a
three-photon down conversion process, since by energy
conservation, ωp = ωs + 2ωc in Eq. (6) means a pump
photon of frequency ωp is converted into a Stokes photon
of frequency ωs and two cavity photons, while the atomic
state remain unchanged. In other words the atom-cavity
system in the ultrastrong coupling regime somehow plays
the role of a nonlinear optical medium, and the interest-
ing source of nonlinearity comes from the virtual photons
in the intermediate states.
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Appendix A: Steady state solutions of the master
equation
1. Resonance case
Under the resonance condition ωp = E0 − ωb and
ωs = E0 − ωb − 2ωc, and weak driving fields, i.e.,
|Ωl,mn/(Em − ωb − nωc − ωl)| ≪ 1 (m = 1, 2, . . .,
l = p, s), the excited states |Em〉 (m > 0) are far off
resonance, and hence they are not effectively involved in
the dynamics. Combined with conditions |g2,4|2/γ23 ≪ 1
8and |g1,3|2/γ23 ≪ 1, the system can be characterized
by a three-level Λ system (15). We define ρssn+1,m+1 ≡
〈b, n|ρss|b,m〉 (n,m = 0, 1, 2), and ρss4,4 ≡ 〈E0|ρss|E0〉
(superscript ss labels the steady state solution). Ac-
cording to the effective Hamiltonian (15), we obtain the
steady state solutions
ρss11 =
Γ21
A1
4
∣∣Ω′p∣∣2 [4 |Ω′s|2 (Γ43 − x) + x (x2 + xy + y2)]
+
4Γ21
A1
xy |Ω′s|2 [2 (Γ41 + Γ42 + x) + Γ43]
+
Γ21
A1
x2y2 (x+ y)
+
16Γ21
A1
|Ω′s|4 (Γ41 + Γ42 + x) +
16Γ21
A1
x
∣∣Ω′p∣∣4 ,
(A1)
ρss12 = 0, (A2)
ρss13 = −
4Ω′sΓ21Ω
′∗
p
A1
(Γ41 + Γ42 + x)
(
4 |Ω′s|2 + xy
)
−4Ω
′
sΓ21Ω
′∗
p
A1
[
4
∣∣Ω′p∣∣2 (Γ43 − x) + xyΓ43] , (A3)
ρss14 =
2ixΓ21Ω
′∗
p
A1
[
(Γ41 + Γ42 + x)
(
4 |Ω′s|2 + xy
)]
+
2ixΓ21Ω
′∗
p
A1
[
xyΓ43 + 4y
∣∣Ω′p∣∣2] , (A4)
ρss22 =
4
∣∣Ω′p∣∣2
A1
[Γ31Γ42 + Γ32 (Γ42 + Γ43)]
×
[
4
∣∣Ω′p∣∣2 + x (x+ y)]
+
16
∣∣Ω′p∣∣2
A1
Γ32 |Ω′s|2 (Γ41 + Γ42 + x) , (A5)
ρss23 = ρ
ss
24 = 0, (A6)
ρss33 =
4Γ21
∣∣Ω′p∣∣2
A1
[
Γ43
(
4
∣∣Ω′p∣∣2 + x (x+ y))
+4 |Ω′s|2 (Γ41 + Γ42 + x)
]
,(A7)
ρss34 = −
8ixΓ21
∣∣Ω′p∣∣2Ω′∗s
A1
(Γ41 + Γ42 + x) , (A8)
ρss44 =
4xΓ21
∣∣Ω′p∣∣2
A1
(
4
∣∣Ω′p∣∣2 + x (x+ y)) , (A9)
by solving the master equation (23). Other density ma-
trix elements can be obtained by ρssmn = ρ
ss∗
nm. Here
Γkj =
3∑
ν=1
Γ
(ν)
kj ,
x = Γ31 + Γ32,
y = Γ41 + Γ42 + Γ43, (A10)
and the normalizing constant
A1 = Γ21
{
16 |Ω′s|4 (Γ41 + Γ42 + x) + xy
[
(x+ y)
(
8 |Ω′s|2 + xy
)
− 4 |Ω′s|2 Γ43
]}
+16
∣∣Ω′p∣∣4 [x (2Γ21 + Γ42) + (Γ21 + Γ32) Γ43]
+4
∣∣Ω′p∣∣2 {4 |Ω′s|2 [Γ32 (Γ41 + Γ42 + x) + yΓ21] + xΓ21 (2x2 + 2xy + y2)}
+4
∣∣Ω′p∣∣2 x (x+ y) [xΓ42 + (Γ21 + Γ32) Γ43] . (A11)
2. Off resonance case
In the large detuning regime, namely E0 − ωb − ωp ≫
Ωpc00/2, and E0−ωb−2ωc−ωs ≫ Ωsc02/2, and by requir-
ing |g2,4|2/γ23 ≪ 1 and |g0,2|2|g1,3|2/γ43 ≪ 1, the system is
truncated to a two-level system characterized by Hamil-
tonian (12). According to this effective Hamiltonian (12),
by defining ρssn+1,m+1 ≡ 〈b, n|ρss|b,m〉 (n,m = 0, 1, 2), we
obtain the steady state solutions
ρss11 = 1−
4 |g0,2|2
(
Γ
(3)
21 + Γ
(3)
32
)
A2
, (A12)
ρss22 =
4 |g0,2|2 Γ(3)32
A2
, (A13)
ρss33 =
4 |g0,2|2 Γ(3)21
A2
, (A14)
ρss12 = 0, (A15)
ρss13 =
2g0,2Γ
(3)
21
A2
(
iΓ
(3)
31 + iΓ
(3)
32 + 2∆0 − 2∆2
)
,
(A16)
ρss23 = 0, (A17)
by solving the master equation (23). Here the normaliz-
ing constant is
A2 = 4 |g0,2|2
(
2Γ
(3)
21 + Γ
(3)
32
)
+Γ
(3)
21
[(
Γ
(3)
31 + Γ
(3)
32
)2
+ 4 (∆0 −∆2)2
]
.
(A18)
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